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SUMMARY

The development of rotary wing induced-velocity theory is traced from its
origin as a momentum-theory estimate of average interference, vhrough simple
vortex theory, to its present status where it is indispensible in calculating
blade loads. Applications to a variety of interference problems is demonstra-
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ted. Wherever possible, experimental results are presented to confirm the -
theory. b
INTRODUCTION

A11 aerodynamic 1ifting devices, including helicopter and autogyro roters,
obtain their Tift as the reaction from pusiing air downward. The momentum thus
imparted to the air sets up an induced field which interacts or interferes to a
significant degree with anything placed near the 1ifting system; indeed, it
interferes with the 1ifting system itself.
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In the case of a helicopter rotor, the velocities induced by the field
influence the forces on the blades as they rotate; they alter the effectiveness
of tail surfaces; and they have powerful influences on the interference with
the additional 1ifting devices used on a multitude of convertiplane designs.
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The detail in which the induced flow must be known veéries with the intended
application. A gross overall average velocity through the rotor is adequate for :
many performance problems. The spacial, time-averaged, field is often adequate
to predict tail effectiveness or mutusl interference with other 1ifting systems.
If detailed load distributions oveir the blades are rejuired, an equally detailed
kriowledge of *the instantaneovs induced velocities along the blades is required.
The difficuity encountered in obtaining the required information is more than
proporticr2) to the detail required in the velocities. In the simplest cases,
the calculation is in closed form and occupies three or four lines. In the more

. aifficult cases, the calculations may exceed the capacity of some of the largest
digital computers.

. The present paper attempts to summarize the state of knowledge of rotary-
wing flow fields. It begins with the simple momentum methods applied to the
rotor by tTauert. It then turns to the time-averaged flow field, where the
first truly usable results were obtained by Walter Castles of Georgia Tech.

o The extensizn of Castle's work by NACA and a comparison of the theory with flow

g measurements are presented. Finally, the modern efforts toward using more

{ detailed digitel nethods to obtain blade-load distributions are described.
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In most cases, figures and equations presented herein, have been abstracted
from the original reports. The notation, which varied from author to author, is,
therefore, rnot consistent throughout this paper. It is hoped that the notes
presented with equations, and the general context of the discussion, will suffice
to allow the reader to infer the proper meanings for the symbols throughout the
development.

DISCUSSION
MOMENTUM THEORY - THE AVERAGE INDUCED VELOCITY

Glauert (ref. 1), in the early 1920's, began the development of rotary wing
blade-element theory. It was clear from analogous work on propellers and wings
that the local angles of attack could not be found solely from geometric con-
siderations. There must be an interference, or induced, velocity which resulted
from the 1ift, and which entered into the angle of attack equations. No theory
of the time predicted this induced velocity; however, the Fru.d momentum theory
for propellers in static thrust resulted in

- 2
T = -pmR™ wy (2w,) (1)

where T 1is the thrust, p the mass density of the fluid, R the radius, and
w; the induced velocity through the disk (positive upward for 2 rotor). On the
o%her hand, for a wing having a span of 2R, it was known that the 1ift L was
given by

L = -pmR?V(2w,) (2)

Glauert noted that these two expressions could be combined in a continuous
fashion if the total velocity through the rotor disk was taken as the vector
sum of the induced and forward velocities; that is, if T L

2
T = -pnR VR(ZWO) (3)

where Vp 1is the absolute value of the sum of the induced and forward velocities.
He applied the resulting value of wy as a uniform induced velocity, ¢r down-
wash, over the entire rotor disk. In terms of present rotor notation, where the
thrust coefficient is

C., =
T aR% (ar)2 (4)

the inflow ratioc (velocity ratio normal to the disk) is

Vsina + w
A= -— 0 (5)
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and the advance ratio (velocity ratio parallel to the disk) is

_ Vcos o ,
H R (6)

equation (3) may be expressed as

" - 1 CTQR
0T ")
oo+ A

Here the matter rested for about 25 years. Within the usable performance
range of the machines of those days, such a simple theory was reasonably ade-
quate. The first advances in rotor flow-fieid theory were not really occasioned
by great known inadequacies in rotor theory as such - rather, it was the need to

estimate downwash angles at the wings and tails of unioaded rotor configurations.

For these purposes, simple momentum concepts were totally inadequate, and it was
necessary to turn to at least a rudimentary vortex theory or its equivalent.

SIMPLE VORTEX THEORY

Work on a simple vortex theory for rotors was begun during World War II by
Coleman, Feingold, anc Stempin (ref. 2); however, it was an additional ten years
before this work was brought into full flower by Castles and De Leeuw (ref. 3).
(A mathematically different, but physically identical study was done in England
by Mangler and Squire (ref. 4)).

The Vortex Model

The first step in setting up a simple vortex model is to choose a vortex
pattern that is reasonably adequate on a physical basis and, at the same time,
sufficiently simple that numerical results can be extracted. The wake of a
rotor is more complicated than that of a wing, and a more involved model is
required. If one examines a single-bladed rotor, as in figure 1(a), there
would be a bound vortex along the blade. At the root, the free vortex is
carried downward by the flow through the rotor and rearward by the flow past
the rotor. The tip vortex is carried off in the same manner, but it also is
affected by the rotation of the rotor; thus, it lies on a spiral path as shown.

Even this simple spiral is difficult to deal with sc the next step is to
divide the wake vortices into their axial and circumferential c..ponents and to
discard the axial components as being of secondary importance. The wake then
appears as a skewed stack of vortex rings as in figure 1(b). The final step is
to assume that the rings are spaced so closely that they are equivalent to a
continuous elliptic cylinder of vorticity as shown in figure 1(c).
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The Induced Velocities

The induced velocities constituting the rotor field may then be found by
integrating the biot-Savart law over the ¢ tire wake. This can be accomplished
in several manners. The development presented herein foilows that of reference
5. The induced velocity of an element in the wake (fig. 2) is

- _ 1 dr dsxa
dd = o= 1513 dL ’8)
where § 1is the induced velocity vector, L is the length along the wake, and
Dr/dL is the vortex density (or vorticity) along the edge of the wake.
From figure 2, s and a, are found to be

T(ReosV+LsinX) + J(Rsinv) + k(-LcosX)

[{]

5

a = T(Rcos¥+LsinX-x) + J(Rsinb-y) + k(-Lcosx-z)

it

and d5 is found by differentiating S with respect to
di = [T(-sin¥) + J(cos¥) + k(0)]Rav

Substituting these values into equation (8) yields

2n - .
i 3 k
;- R dr -sin¥ cosV 0 dLdy
T dL (Rcos¥+isinX-2){Rsin¥-y)(-Lcosx-z) (9)

5

] oy 2 z 2] 2

(Rcos¥+Lsinx-z)° + {Rsin¥-y)® + (-Lcosx-z)

[ M ¢

For the moment, we will be interested only in the k (or w) component of
induced velocity since this component is perpendicular to the disk. From
equation (9)

2n

r (xcos¥+ysinb-R-Lsinxcosy) dLdy

L
4n
2.2 2.2 : o s 2
R%+x“+y“+2°- 2R(xcos¥+ysin¥) + 2L(zcosX-xsinX+RsinXcosV) + L
L

T T T T e - -

dr )
dL 3 (10)




The integration with respect to L is not difficult and the forms will be
found in tables of integrals. After substituting Timits and the nondimensional-
izing, the result is

. o

- R
b - (%- cosV+ %- sinW) + 7%— sianosW]
W = -1 dr dy N
In dU M)
R R
[75. + (cosW— %—)sinx+ é—cosx] 7%

0

where RC , the distance from the point (x,y,z) to the edge of the disk at v,
is

R, = "\/R2+x2+yz+zz-2R(xcos¢+ysinw) (12)

Equation (11) is not integrable, in general, except in terms of elliptic
integrals of the third kind, and it is simpler to evaluate it numerically in a
digital computer. One case which can be intearated is whan (x,y,z) is at the
center of the rotor (x =y =z = 0, R, = R) for which equation (11) reduces to

2n

< dr _ 1 dr
"o T Tdr W =-5

0

The nondimensional induced velocity is obtained by dividing equation
{(11) by equation (12) to yield

2n
R b

B - (%~cos¢+ g-sinw)+ 7%- sianos¢J dy (13)

w oo
W
G R , R
’j L—éi-+ \cosw- g} sinx+ é~cosXJ 1?
0

Local values of the induced velocity ratios may be obtained by numerical
evaluation of equation (13). Charts of the induced velocities are available
from which approximate values may be obtained. A collection of such charts is
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given in reference 6. A sample set of charts (from ref. 7) for both the
vertical and lorgitudinal induced velocity ratios is given in figure 3.

The Average Induced Velocity

As noted earlier, Glauert's formulation of the induced "elocity of a rotor
was merely a plausible guess. The simple voriex theory can be used to examin:
the validity of the vilue which he selected. Consider a rotor of b blades.
each of which has a bound circulation of T over its entire length. The
elemental 1ift on the blade is found from the Kutta-Joukowski theorem to be

where Ur is the tangential velority normal to the blade axis and T is the
bound circulation. The total thrust of the rotor is found by integrating the
elemental thrust nver the length (radius) of the blades and then averaging this
value arourd the disk; that is

2n R
T-.p (QraoRsind) Tdrdd = 3 baer?
7T p e ARG (15)
J/
0 0
Substitute equation (15) into equation (4) to obtain
C = br
T ZWRZQ (16)
and then solve equation (16) for T to yield
2ame,
I = ———— (17)
b

Now the number of "vortex rings" formed per unit time at the rotor is
BQ/2m . These are carried down the wake with the mean velocity at the rotor

(QR‘\/u2 + AZ) . Thus, the vorticity along the edge of the wake is

r b
dr _ 2 (18)
Y Y
QR 1+ A

Substitute equation (17) into equation (18), and simplify the result to yield

QRCT

dif = —— 71
a . 7.2 (19)
+ H + A
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Simple vortex theory gives the induced velocity at the center of the rctor

as equation (12). Substitute equation (19) into equation (12) to obtain
N
, QkuT
Tt 2
\Ax + A2

Equation (20) for the center of the rotor is identical to Glauert's result
(eq (7)) for the average over the entire rotor. The induced velocity varies
widelv o..r the rotor disk: however, reference 8 has shown that, even when
harmonic variations in T occur at the blades, the value at the center is
identically equal to the average value. Thus, the simple vortex theory confirms
the momentum theory formulated by Glauert.

(20)

VORTEX THEORY FOR
NONUNIFORM AXISYMMETKIC DISK LOADING

At this point, only blades of constant circulation I have been considered.
For such a blade, the radial gradient of blade loading is obtained by taking
Ur = @&r and reforming equation (14) to obtain

g% = pQrT (21)

Equation (21) shows that, for uniform bound circulation, the thrust per unit
length of blade varies linearly from zero at the root to a maximum at the tip.
Now consider the thrust per unit area of the swept disk. The area of an annulus
of radial width dr is 2mrdr. Thus, the load per unit area on this annulus
is (for b blades)

dT _ bplirrdr _  bpr (22)

dA 2mrdr T

Thus, uniform circulation along the blades produces a uniform load per unit
area on tne swept disk. Because, the disk is circular, the spanwise distribucion
of 1ift viewed from behind the rotor is semicircular; that is, a special case of
an elliptic spanwise load distribution - the ideal distribution for the minimum
induced drag of a wing.

In general, the disk load distribution of a rotor is not uniform. If the
radial distribution of induced velocity was neglected, a constant-chord untwisted
blade would have a blade loading proportional to rZ2 not r as in equation 20.
Twist and taper further alter the load grading, and the cutout to provide the
rotor hub is a nonuniformity in itself. Any practical rotor has zero disk-load
distribution at its center.

Tn general, ' is some function of r. Regardless of the actual variation
; chosen, equations (21) and (22) show that the disk load distribution will vary as
: 1/r times the blade load distribution. The flow Tield of nonuniformly loaded
rotor disks can be obtained from the field of the uniformly loaded rotor disk
provided that the disk load distribution required is axisymmetric (ref. 9).
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Consider the triangular 1oad distribution of figure 4. It can be
approximated by a stepwise distribution of loads comprised of one large positive
load (1.5 times normal strength) and a series of small negative loads of smaller
radius. Such a ioad distribution would be generated by a nest of coaxial vortex
cylinders such as shown in figure 5.

The contribution of each of these cylinders to the flew at (X/R, Y/R, Z/R)
will be proportional tg its vortex strength and can be read from charts such as
figure 3 at the ooint ?(X/R)(R/RV), (Y/R)(R/Ry), (Z/R)(R/RV)]. The induced
velocity at that point is the sum of the contributions of all the cylinders.

A sample calculation for a triangular loading at (X/R = 0.2, Y/R =0,
Z/R = 0.1) and for x = 900 is shown in figure 4.

The actual distribution of load on the disk has very large and significant
effects on the distribution of induced velocity. A few sample charts ave pre-
sented in figure 6. A direct comparison is presented in figure 7. Observe
that there is a region of upwash in front of, and encompassing, the leading
edge of the disk in each case. The major differences occur over the disk and
acress the wake. In constrast to the smooth increase in downwash along the
rotor axis in the uniform case, the triangular case shows an increase at first,
then a decrease to zero at the rotor center, an upwash behind the center, and
then, finally a rapid increase to the trailing edge. The distribution across
the wake itself is markedly different in bnth cases.

One other point is very significant. Under the present assumptions, the
rotor-induced flow is dependent only upon the skew angle x. The total flow
field is the vectorial sum of the uniform external flow and the rotor induced
velocities. The total field may be markedly different dependent upon the rotor
angle of attack and loading. Tnic feature is illustrated by figure 8.

COMPARISON WITH EXPERIMENT

NACA Rep 1319 (ref. 9) presents the results of comprehensive flow surveys
near a rotor operating in the wind tunnel. Sample results are given in figures
9 and 10. Comparison of theory and experiment in the central plane of the rotor
is shown in figure 11. It is evident that the radial distribution of loading is
significant in the correlation. On the other hand, an earlier paper (ref. 10)
showed that the uniform load distribution does give a reasonably gecod approxi-
mation to the average induced velocity across a span equal to the rotor diameter.

Another significant feature of figure 17 is the evident failure of the
theory in the region aft of the rotor. This resilt is obtained because of the
extremely rapid roll up of the wake vorticity beiind the rotor. Figure 12 shows
contours of equal vorticity behind the rotor and it is evident that the roll up
is already well underway at the trailing edge of the rotor. In this regiun, the
wake can be modeled by assuming it to be about the same as that behind a wing of

equal span.



Some Applications of the Theogry

Wind tunnel flow measurements give reasnn to believe that the major Tactors
affecting the flow field are included in the theoretical considerations desc-ibed
above. Thus, the theoretical results should be adequate to explain the induced
effects found on helicopters and compound aircraft (ref. 11). This section of
this paper will examine the extent to which this conclusion is true.

Multirotor helicopters.- The first example will be a tandem-rotor system
which was tested in the Langley full-scale tunnel (ref. 12). Basically the
model was simply two identical 15-foot-diameter rotors with no vertical offset
and a gap of only 6 inches between the rotor tips. Thrust and torque were
measured and, in addition, flow surveys (ref. 10) were made at locations very
near to tne rotor. For one level-flight condition, the flow measur=ments are
shown in figure 13. The data points represent th. average induced velccity
across a span of one rotor diameter. These points indicate tha. the average
induced velocity ithrcugh the rear rotor was three times that through the front
rotor. This corresponds with the simultaneous power measurements which indi-
cated that the rear rotor required three times as much induced powe: a~ the
front rotor.

The calculated induced velocities in this case are also shown on figure 13.
These calculated curves are very cicse to the measured flow data and indicate
that the rear rotor should require more than 2.8 times as much induced power as
the front rotor. Thus it appears that the theory should be adequate for esti-
mating the effect of interference on the overall performance of multirotor
helicopters. Thare are, however, certain reservations to this conclusion which
will be discussed in a later section.

Rotor-wing interference.~ Recent attempts to combine the forward-flight
canabiTity of an airplane with the vertical-flight capabi1lity of a helicopter
have led to a number of unioaded-rotor convertiplane designs. Generally
speaking, these compound aircraft are characterized by ine presence of a rotor
and a wing cperating in close proximity to e :h other. Some degree of mutual
interference is bound to be present and it may have a major effect upon the
overall performance of the aircraft.

Two such machines are shown in figure 14. These are the PCA-2 autogyro and
the XV-1 convertiplane. If the hovering ability of the XV-1 is neglected, the
two aircraft are remarkably similar despite the passage of some twenty-five years
between their designs. No power is applied to the rotor in forward flight since
both operate as autogyros in this flight regime. An auxiliary wing is provided,
and this wing carries a large portion nf the 1ift. The propulsive force is
obtained in each case by means of a propeller. The major differences between
the two aircraft lie in both the absolute and the relative loadings of the wing
and the rotor.

The PCA-2 autogyro was tested in flight. The wing load was determined by
measuring the pressures on the wing surfaces. The remainder of the gross weight
is supported by the rotor. Thus the performance is relatively simple to compute
since the rotor 1ift coefficient and, consequently, its mean, or momentum theory,
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velue of induced velocity are already known. The induced velocity at the wing
aue to the rotor is then taker. from the charts. Adding this induced velocity
vectorially to the free-stream velocity yields the direction of flow at the
.wing and the effective wing angle of attack. The 1ift of the wing can then be
determined from the isolated wing characteristics.

Figure 15 compares the wing load in percent of the total 1ift as
calculated by the foregoing procedure and as measured in gliding flight. (If
the powered-flight conditions had been chosen it would, of course, have been
necessary to correct the wing 1ift for the increased dynamic pressure in the
slipstream propeller.) At each tip-speed ratio, the measured load is repre-
sented by a circle and the calculated load is represented by a square. The
agreement is good, the maximum error being about 6 percent.

The XV-1 convertiplane was tested in the Ames full-scale tunnel and,
because of the manner in which the tests were conducted, presents a much more
interesting problem. During the tests, the performance of the rotor, the con-
vertiplane without its rotor, and the complete convertiplane were all measured
separately. The results are shown in figure 16, where the symbols indicate the
measured 'ift and drag coefficients which are based in all cases on the rotor
disk area. The sum of the "rotor only" data and the "rotor off" data is given
oy the broken line. The difference between this line and the data for the
complete configuration is large and may be charged almost entirely to
interference. ’

The calculation in this case depends upon a knowledge of the total 1ift
required, just as it does in a flight calculation. At each angle of attack, the
rotor is assumed to nave its "isolated" 1ift. Then the wake skew angle is com-
puted and the induced velocity at the wing is determined. This induced velocity
is used to determine the effective angle of attack and iift of the wing. The
sum of rotor Tift and wing 1ift, in general, is not the correct lift. The Tift
of the rotor is altered to correct the overall configuration 1ift, and the pro-
cedure is repeated iteratively until the total configuration 1ift is obtaired.
The process is rapidly convergent in a practical sense. Once the 1ift coeffi-
cients of both the rotor and the wing are determined, it is a simple matter to
determine thei» drag coefficients.

The results of such calculations are shcwn as the solid curves of figure 16.
The accuracy of the procedure is attested by the remarkably close agreement with
the observed perfcrmance of ‘he complete configuration.

Tail Surfaces.- Figure 17 presents thc downwash measured from the floating
tail ot the XV-1. Similar measurements obtained from an 8/31 scale model in
the return passage of the WADC 20-foot tunnel are also shown.

The induced angie 2t the tail is affected by both the wing and the rotor.
The 1ift coefficients obtained from the rotor-wing interference calculations
were used for determining the contribution of each to the downwash anglie at the
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tail. The calculated results are shown in figure 17 for the cases of uniform
and triangular loading. It should be noted that the span of the tail is approx-
imately one-half radius. Thus this case corresponds to neither the one-diameter
span required by the uniformly loaded rotor induced-velocity chart nor the zero
span required by the triangularly loaded rotor chart. Therefore, the data
should fall between the two calculated curves, and this is exactly the result
shown in figure 17.

The degree of agreement shown here can be expected :ily when the rotor 1ift
coefficient is low. If it were much higher the flow would roll up faster and
might cause large errors. For the case of large lift coefficients, the downwash
angles may be calculated fairly well be assuming that the flow is similar to
that of the uniformly loaded wing.

Aerodynamic loading of rotor blades.- One of the most troublesome features
of rotary-wing aircraft is the large magaitude of the fluctuating asrodynamic
loads on the rotor blades. These loads have been measured during wind-tunnel
tests of rotors equipped with instrumentation capable of measuring the instan-
taneous pressure distribution on the blades. Figure 18 shows the aerodynamic
loading at the threa-quarter-radius station as measured during one of these
tests ?ref. 13). It may be seen that in this case the loading fluctuates with
an amplitude of ubout one-half of the mean load. Needless to say, the stresses
resulting from fluctuating loads of this magnitude could easily represent the
critical design condition for the rotor.

The data shown in figure 18 was obtained at a tip-speed ratio of only 0.08.
At this speed, the oldcr blade-element theory with uniform inflow indicates that
the aerodynamic load should be essentially constant. This, in itself, is not
too disturbing since it is generally recognized that the assumption of uniform
induced velocity inherent in the theory limits i° ‘2 computing only the over:
performance rather than the detailed blade loading.

The blade-element theory chould, of course, yield a much more accurate
estimate of the blade loading if the correct induced velocity were used. In
order to find just what this induced velocity should be, one investigation
took the measured blade Toading, inserted it into blade-element theory, and
worked backwards through the thecry to obtain an effective induced velocity.

The results are shown in figure 19 where they are compared with the theoretical
induced velocities. It is immediately evident that there is no correlation at
all between the required induced velocity and the theoretical induced velocity.
Even the trends are completely reversed in some locations. Thus it arrears that
the calculated induced velocities cannot lead to the correct blade loading.

Reexamination of basic concepts.- The complete failure of the induced fiow
theory in the blade-load probiem is in sharp contrast with its success in com-
puting interference effects. The reason for this failure is very basic and may
be explained by returning to the original concept of the rotor wake as a spiral
vortex (fig. 20). As pointed out previously, this spiral will move downward
with time and the actual induced flow will be a function of lime. This time-
dependency was lost as a direct result of the simplifications adepted for the
analysis. The calculated induced velocity is therefore a time-averaged value
of the actual induced velocity.

11
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Now consider a point P , fixed in its position with respect to the rotor,
as, for example, a point on a fixed-wing surface. As the spiral vortex pro-
gressas downward, the point P will “"see" all of its possible positions.
Therefore, the mean induced velocity at P should be the time-averaged value
calculated by theory. Thus, the calculated induced velocities allow accurate
estimates of rotor-wing interference to be made.

Next consider point Q which is on the rotor blade and which rotates with
the blade. Since the spiral vortex starts at the blade tip, frere will, at any
azimuth position, be one, and only one, position of the spiral with respect to

Q . Thus Q will not "see" the time-averaged induced velocity givan by the
theory. Thus, as shown before, the theory cannot be applied to finding the
induced velocities nceded for calculating he blade loads. The actual blade
loading problem is closely related to flutter in that the unsteady aerodynamics
cannot be neglected.

The more modern rotor theories take into account the unsteady character of
the flow and, in addition, turn to more refined models of the v.ake. A brief
survey of some of the more recent developments in this area will follow.

There is an intermediate problem between the average external interference
and tke detaiied hlade loads. Consider the point R on a second rotor near the
first. Does this point see a time-averaged velocity or not? Locally, on the
blade, it probably does not, and the change in the detailed blade Toading a< a
result of intert..ence can probably not be calculated with any degree of
accuracy. However, et least for the tandem rotors of NACA TN's 3236 (ref. 12)
and 3242 (ref. 10), there is experimental evidence to indicate that the overall
rotor forces can be determined by use of the present thecry. This may not be
the case for all configurations. It is therefore suggested that multirotor
interference calci:lations based on the present induced-fl~w theory be accepted
for the nresent but always subject to the provisicn that 2xperimental verifi-
cacion is required in each case.

CALCULATION OF BLADE LOADS

The sre modern applications of rotary wing vortex theory involve the
calculation of the detaiis of the blade load distribution. The discussion
herein will largely follow the developments in the United States. Although
complete details do not appear to be available in this country, Mil's textbook
(ref. 14) makes it clear that very similar developments have taken place in the
USSR and that those analyses often predated our own. The present discussion
must also deal only in generalities. Closed form solutions to the problem do
not exist. Only the aumerical results from specific sample cases run on digital
computers are available.

The earlier aiscussion has shown clearly that the instantaneous velocities,
not the average velocities, at the blade are required. In addition, it is
evident that quasi-static solutions can not be meaningful in the face of the
widely varying local velocities and angles of aitack on the blades. The need
for an unsteady analysis was further shown by the essentially simultaneous papers
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of Loewy (ref. 15) and Timmon and van de Vooren (ref. 16). Both analysis
demonstrated the existence of previously uncalculated wake-excited flutter
moces even for a hovering rotor.

The initial theoretical investigation of blade loads was conducted by
Piziali and DuWaldt at Cornell Aero Labs {ref. 17). The model used for their
calculations is shown in figure 21. The blade is divided into a number of
radial segments with the bound vortex fixed on the quarter chord. The bound
circulation along each radial segment is constant. Thus, at each junction of
segments a vortex will be shed, and the strength of this vortex will be equai
to the difference in circulation of the two segments. The rotational motion
of the blade is considered in terms of a number of azimuth steps with the bound
circulation changir~ from step to step. In order to satisfy conservation of
vorticity, a vortex must be shed from, and parallel to, the trailing edge of the
blade at each step. Furthermore, the strength of this vortex must be equal to
the difference in bound circulation between the two azimuth steps at each radial
station. This grid-like wake is assumed to be carried uniformly away from the
rotor tip-path plane by the forward velocity and by a uniform average induced
velocity. Thus, it is constrained to lie within the cylindrical boundaries of
the wake model used earlier in the average dowiwash calculations.

At the start of the calculations, the bound circulations on the blade are
unknown; however, all of the wake vortex strengths may be formed as functicns
of the unknown bound circulations. The blade angles, flapping angles, and tne
deformations of the blade were preassigned in this analysis; thus, the dynamic
response of the blades was not calculated., Control points were specified on
the three-quarter chord at the midpoint of each segment. It was then possible
to set up an array of simultaneous equations in the unknown blade circulations,
using the Biot-Savert law to obtain the induced velocities at the control
points. These simultaneous equations were then soived by matrix inversion tech-
niques on the computer.

Observe the interrelationships involved in t..e soiution. Charts of induced
velocities for standardized load distributions no lorger nave any meaning. The
only distribution with meaning is the one for that particular rotor at that
particular flight conditicn.

The results from the n2w technigue were far superior to the old
ur.iform-downwash, quas’-static theory in many respects; however, as pointed out
by the authors, there were a.so numerous problems. Ore major problem was that
the calculated first-harmonic flapping moment was not zero, even when measured
blade motions and deformation: were input to the program. It was further
recognized that the singie three-quarter-chord control point was probably too
crude, and that wake defoirmatiins might have to be considered as well.

Certain of these improvements were incorporated by Piziali in a later paper
{ref. 18). In this version of :he analysis, the blade was represented as a
continuous distribution of vorticity by means of a Glauert series an. the span-
wise vorticity behind the trailing edge was "effectively fitted" with a con-
tinuous sheet (ref. 19) in the rzgion immediately behind the blade (fig. 22).
The entire calculation was set up in a loop such that the airloads were computed
and then the resulting fiapping ard blade bending were computed. These results
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were compared with the same quantities from the previous iteration and the
entire procedure was repeated until the airloads, flapping, and dynamic
response all converged. A sample set of results is compared with flight
measurements in Tigure 23. Considering the complexity of the calculation and
the simplifying assumptions, the results were quite encouraging.

Piziali's discussion pointed to the fact that many of the remaining
discrepancies between theory and experiment could be qualitatively accounted
for by physically reasonable distortions of the wake from the simple helical

sheets which he was still using. Actually, Crimi, also at Cornell Aero Lab, was
already working on the problem.

Crimi's original analysis (ref. 20) was directed at the external field of
the rotor, and, for this purpose, he represented the wake by a single tip
vortex from each blade. No spanwise vorticity was used despite the assumption
that the tip vorticies had a strength containing a sine ¥ component. Rigid
helices were assumed at the start of the calculation, and numerous control
points were chosen along the helices. Then the induced velecities at the
control points were calculated. (Certain infinites in the calculation were
avoided by the assumption of finite vortex cores.) The vortices were then
allowed to convect to a new position with these velocities over a time period
equal to ore step in plade azimuth position. The process was repeated with the
new positions until further changes in the wake positions were insignificant.

The final wake position could then be used to calculate the flow throughout the
field.

The wake resulting from this calculation is shown in figure 24. It
obviously duplicates, at least qualitatively, the wake distortions which were
fourd earlier in the wind-tunnel flow measurements. A comparison of the time-
averaged measured and calculated flow fields is shown in figure 25. Considering
that Crimi's assumptions omit the effect of radial disk-load distribution, the
agreement is very encouraging.

More recently, Sadler (refs. 20, 22) has incorporated similar wake
distortions into the calculation of blade Toads using a full vortex-mesh and
working with the unsteady aerodynamic problem. The solution is ~ided by a
"votor start-up" approach; that is, the theoretical rotor commences from a dead
start in which there is no wake at all. In the first time increment a short
wake is shed, approximate blade loads are calculated, and the short wake is
relocated. The process is repeated by steps in aximuth until the complete wake
is generated. Samples of the results are presented in figures 26 to 31. Once
more the results are encouraging.

It would be premature to claim that the problem of calculating blade loads
is solved. The comparisons between theory and experiment still indicate
uncomfortably large differences. On the other hand, it is evident that many of
the necessary elements to a solution have been determined and the basic problems
deait with to some extent. It is clear that far more de!1il is required than
has been employed to date. Unforturately, this detail is very expensive in terms
of computer storage requirements, running time, and cost.
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CONCLUDING REMARKS

The development of rotary wing induced-velocity theory bas been traced
from its origin as a momentum-theory estimate of average interference, through
simple vortex theory, to its present status where it is indispensible in
calculating blade loads. Applications to a variety of interference problems
has been demonstrated. Wherever possible, experimental results have been
presentec to confirm the theory.
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Figure 6. - Concluded.




o T e e B b Thew ALR A

WY e gt

TR ST e T

4

(a) Uniform disk loading

o b s § a . T T R A . . B

BTy S N S TS T TR TS SN ALY - S T I R S

PSR IR B e e A = R DO h.m«,..,ﬁ.miwmfwmswﬁﬁ.ﬁj
.

/

$

/

!
1

1

P TN T e

(b) Triargular disk loading

x = 760,

- Comparison of induced velocity ratios for uniform anu
triangular disk load distribution.

Figure 7.

34




| T !

l‘

2iburs e y

‘005 10 9|bue Mays ayem

*Butpeol ystp waogtun (e)

oo-og : o0
A CTHE WA
trtrh
op:e Pz e
ATTWE WITN A IS WM
Tt Tttt s

M joe3ze jo sajbue Juauasslp je platy “o|4 - g aunbLy

1 "1WS WA

0002 z 0

00°Db- = 8

35




- S woen e bl LE Bia Dkl GBAL cnee 3N, T, TSR

— *papn|ouo) - °g aunbL4
Buipeol ¥sip aeinbuersy (q)

oo on o oo
A WS MOIIWM A "FWH W03

ettt

i
)
:
i

R oo
A TW W1M AN 1M - A W05 WIIM Sraletet,

. Frivtrtiet ottt . ’ tritty SIS

¥

36

A



Lol i‘ J;,i i

4

) B— 1

o

RIG[N_ N PAGB Is
00K QU

0
OF P

- “ " - e,

$1°0 = M °40304 ® Je3U S3[Bue WE3AJS paunsedl - °6 d4nbL4
‘eo—= /X (@ 0t—=y/X (%)
Bop ‘voyansg
RIS G0~ = ¥/x (q)
o O Oz o1
s tunoes ey A W Bunpy
- 2l- ol v- ”- v- z- 0 3 v 9 v 01 21 vi
' 7 T 1 T T T T T T T T T T T T T T i I L T T @Y
X 1
]
» s e & e ®w w W VAV VM VNN M AV P ¢ ¢ o v = 0 & < . . i
. P . T T I L T T S | [ e ¢ ¢ v - = e a N A A —“42-
’ PR . 20 T T T T TR T T I R € ¢ ¢ ¢ e e oan . PO
' \\\““'((I’rvo_—b‘- d ¢ o2 / ~ "\ \ r o at
- wps (o suod yod-diy -~ 0
-
O 2 A A AT Y A | / 4 4 8 3 b % v N Y v ow s s sy v or -z
R I 2 2 A A P I IR AR AR I I T T e e s .
P e e o e o v g P L E VY I T T T TR TR T T T T S, e o s %
4 4 ¢ ¢ o1 3 1 1 4 [ Y Y S Y S S S S o » »
v
r~rr17"i4"il Te
o ot o0 o o 0°1 uz\x AMV
" bueeiny ¥4 o b
| &d = - ] T v »
T T T T T T T T T T T ™l
’ v . — — ’ —
L -~ - I3 [N . v LY r
LYY ' NN v e
» !’ ‘ . * Al ’
Al \ \ \ \ Al \
Y | ] \ b \ \ ] . FUN
vV ] t L } '
L T T D R B
= T Pebeine) 20wl jo oved a1 °
[ 7 4
. -1
. ’ L [ - \ . ] \ -3
.
. L [] ’ - . - \ 8
-1t
. . » * » . . LY » [y
- [y . re i A, A A A '.

74

37

5




Ty

e s ...mem.! r,mén. Y N ;B e Hr...lll,ﬁ ‘.Ar, -
*panuLijuol ‘6 24nbL4
co-4lx (p)
0=aX (2
EapungomeQ
T .
o czo2 o O - &\X Aﬂv
e Buudaisy /4 . . spis BuuoAsy
ti- e~ ol- 8- 9- Y- e - ] 2 14 9 ;3 [+}] i 1 4]

S I S A S N A S ER S I R | R S SR T SRS S A FRSNN RN BN RN | dﬂ?
\\\\\‘-ﬂ'l////” ” L T Y SR T GRS ’ .p\\\' ‘ ‘ ‘ \ \\\\‘ —— W\ T
\\\\\\\Jlr/ J; ’ H " 4 4 « ., a/~/z /. /. h { —~—U N A - z-

— [ TR .

2\ , | 1177 |
, \> “ * ¢4 . - e - . / \ J ’ ’ //N// \ i
iy . K .

30j05 jo sunid yiod-dit -0 &/z

\\\\‘\\\‘s‘.sus —;.xs..”///llll.l.\.\\\ - T
\\\\\\\\\\\4#r—‘;~.urtlll.’///‘:‘-l\\ ]
.\\\\***‘m\\... ..—.—oorittlllltv-..‘ln
\ 7/ \ \ \ \ \ \ ‘ 2N T T S N Y P T T T T T W R L T SRR T - - e . ~4 v

b S 1)

Sop ‘noming

1 Y

ke d = ¥/% ()

s Buypany 77 . o ByduwApY

- vi- 21- oi- T~ ¥- ¥- T- [} [y v ] ¢ o1 21 4]

L L R SR N RO AN S R | 1T T 1T T T "7 17T T rrr .3..
e 6 o o »p @aa==mwN NNV L T T I 4 L AR S 1€
\\\\\\l‘.‘:l’/l'-"'—’. 'r\“\\“\\\‘"’l/“ — 2

4 V 4
\\\\\\\‘IN””””.—..— “/fr/ ..‘\\\\\“\\‘/I.’/. 44
e » 0 '\\.“/ AR ll‘/’ N1 8 L
o ¥
g o ousd wwd-41 .
d 0
' SZZEL 46440408 b8 648V VIXITT o s °
\.\\\\\\ss--‘..ﬁ....u'rvfrlllll\\\s ¢
VAW AW A A BV 4 S P I A e « ¢ 8 4 3 b v vV q N mwwmeae s s, J
*
s uh,.,mwuwﬂcw&muhﬁwif AT G Th e S PR R SRS St :

18

i

H
PN
e et

]
|
e J Qe

T

T

oo
;

|

[V (PR S—



Ry u“__&ﬂ W%Fﬁs{s ]t iﬁq “t wi hi : *I ‘ [ : i o

Iy

s vl
PR S ‘\\\\II\AI_
N NN
, ~ [ S R B
::";‘:\\‘\\.“111
| \\\\ Vv b s
Fidpr N b v vssa. |
VWUINA L, 10000
N ATV
\‘\\\\ A s e,
\\\.‘:\‘\:\_‘,//// VAV AV VR
NN \\,,//// ot At s -
\\‘u\—‘.’/ o o v - |
~ = ‘__’I_’/’ o - v 7
~—f - - - v
O R e et - - S
- RN T e e - MR
T T AL TR e e, O e e e &
N e S i I I 7
‘-ﬁ‘*-‘\"'"’l"/
“_‘_—.‘ —— T e o
r‘\‘_“.’a_._._:_-__...-
- e de \/ o e -
,.._,._._,.‘\\/I - = g 7]
”—'—h\\\"" inafia el o —
P e D — e g —— g g,
- N \\ -—'\ N
i S i L . -
0 N
NSAtwtR N, W W e -
Pt S NN
A 2NN
//4///3\\\\\,\ \\\\ « -
P N\
/ AR NN
AN RN,
\ \\\\\quj ,} ) o -
eyt ro
MNNS L r g s
MNNS Y s P
SSSST e s s s s ro
AR B A I B I A A ' =
11 S [P O S T Y T A
N S5 @ S« % n g 0 e n @ a
%

ST - ——

-14
bl
Davatien, deg

Ratreat:ng side
0 10 20 30 40

-12

-i.0

-8

/R
- Continued.

(e) x/2 = 1.07

Figure 9.

e

nSofob

10

12
S s

Advoncing side

14

o PR Sl oo



-»j
+ Q. % ,
s v . )
'/‘_._“\\ w % % Y F Y N ooy T;S—J:‘? ";‘ N
- RS NG N N NV W T WL T T O W £2.15 o
\‘\\\ \\\"““‘_m= S i il
"/’\\\\\\\Ql¢a104 -.«.zejé Lo
- hd S E
"//,\\\ R A O AV RVEN R AN
J/\"/’//”,“l‘lﬂg ; .
A ~“,‘—ll///l/}'/llll/,' . i
{t\ _,,—//////////111“ :
* \\V/’/ A ],
\\\—w-&-—////////llll ) l'
; \‘\‘\*,’/ AT A ot ot |
' N S i g G AV A SR
i I N P .»——rxlttlrvrv 3! ‘
? ~ b e il AN AT AN A 4 ’ ‘ :.’
| \‘\*_..._....-,. — e o N T f_$ f ‘ "
‘;3 ~- v, e -~ - e > N v & S % “
3 P S T . -— - P e - "U. g") i
! “"‘.—\“‘urr-f/' _¢:. § ‘J
b - s 4 - ~ = P 0
; B —— T . e 35 :
] hal el e SR N ) - e~ & s o~ g '
e T G, e AUt et B o ., e e ©) § n <«
bl L adiE B ol O -n.o--'v--.-... - s !
o s o, W - A g, Pa W e VT S -, > O‘: N =
- e e o —— e o P -~ - — ™ : (.}
p L -
- "*‘-’\\\ S i aliadiinadl WEE WK § _ g’ . ;
il aglinaie o dis S UGN N i ol o N N LS E.: ! :'.
-"P"'-’"-'“-o-\\\ T R N ek 1,
,”'”.’.\\\ TR MR m A AN A %[ .
///’.-'—o-\\\ \\\\\‘.\\\\ »
//’/,r—o-_..\\\\\\\‘.\\\\«-w
G NNNCNN
7 SN0 ANV AL :
/\//‘;\\-\ AVL LAY v e i}
. IR
I Yy -
W EEEEEEEE
W RN
N IV V AY SN BN AN N A A
NS s st
N> e r v oo 208
TSN Y I B AN g
el el S A R R B I N B S e
N sy, /)///rr"':“é '
A SN TS NSO U MR DU S VU SO SO N SN e -
“ - e ¢ g 0 T ® e & @ @ o - o
T T T . i
3 . !
)
40
e
ST e S I T I Ty
——l

o



ORIGINAL PAGE IS
OF POOR QUALITY,

44

\
\
}
/
/
A
Refreating side

F VA

A & 4
L |
-1.2

0 10 20 %0 40
Oaviotion, ey

- NN
~
\

}
4
vl
L St
— S e

\\"’”

§ 4 N & -
l i
-1.0

1

AL S el
.

\\\“--’-

\-g-hcnov

\
\
\
{
i
/
7
/
7

d 4 4
f
/
/
kt
\
SN
LY N N
N\
AR
\\\...’o”' L4

|
/

,,//////4
v e N vy s 7L

i
}
./K
\

ﬂ
\
\

Lo e g Y -

L

\

e g A e W v & T

—t.
|

...._-“”I - e o & T O

L""\\”—’ ————— T s &

S NN
.

R et I T WL N G v &
[~ e T T, e w w W AT v -

- R, e, T e w w N A

- - e o - - o v r

PN
2

-
LN

-— - - o

0
YR

- —

~
- e, e e N L
Y
-

- e T e e - - e -

s Y 2 2 1 4 4 L 4 |

{(g) x/R = 3.14
Figure 9. - Concluded.

%
t
i
f
!
f

/

/

A gl NN

\
t
!
i
!
!
/

MW TSN
R S ek NN \T
—'——-----.\\ NN e R A A A 4
/“'—'-‘---\\ N N N NE SR
AR S S G NN
/“\\\ A" N U UL U R WA

\
\
p
)
4
/
/

B . W N L W 1
1.0

\ss-qnaa;;
N % w4 e

1

12

.
Q) ¢

14

Advaneing G

ll//‘//

7

\

\

~
~ —
'”\\\\\\*/

\
\
A
!
4
1
4
/
14
’

1

e e e e, .
TS DR B 1 ! ) :
- ° 3z ¢ 7 v 5 \
- 1]
& a
41
B G

A TR SRRy st (s T v ey men T m—————- - - - - - et s e e - TTTT TR e ek e 0 SO AN TR

N \\\\\-.—/

1?2

-t

2,



B

42

e

/m

° -2 -4
rea

x/R = 1.07

T:3-0c e o -vter levtv-deg)

-

—__———\

L
"2
13'

ok

L3

s}

e

x/R = 2.07

Tip-seth song of reter (qaterdee)

EX 1 od

-y e
.
-@ -

e}

e
12
s

e et e e -1

114 .

Adogrer; 3 20

Figure 10. - Contours of dynamic pressure behind a rotor.

TR

x/R = 3.14

N ~"“' "”{ T

—— e e —— s

1 .- i -
-C -1
Aprrean g wie

-1 3

ue= .14,

IS S

s S i e S

S

"
H
!
;
!

o e ebhrie—. W o R



ObT°0 =M ¢pg'28 = X
~Paonpu} jo saniea Led133409Yy3 pue pau

A3120(9A

bI'E = y/x (B)

R N D T

.. 8 v.

OF POOR QUALITY,

ORIGINAL PAGE IS

QT'
o
L e b .
1%
L8
ey L SN -
- _clll D U™ $az-
- i D Py
o o, T
IIIl“ﬂ-Fo:)V..il\......n 1

lawwAs jo aue|d

¢ =H4/x (3)

———

Leutpnybuol uy Oaza op3eu
NSeaw 4o uosiuedwo) -~ *11 aunbyy

T = y/x (3)

o @l g

t

.
i

— e L

43

N

s

BN

—y

|-

§°0 = ¥/x (p)

—————. -
- ; - -
LI e

A e -

®

2 8 v 0
] .
tﬁlrl . - JV E .
I = O
. T T
\N Lo ZF |

B
DG

—— ———
.

.
v
:

k\i_-

|
}
]

Rappm——

g

b




M s |1 R

-—y
7=

7 FEFI:0

1 80

. - s . —_ o
6 4 2 0 -2 -4 -6 -8 -0 -2 -4
Y/R

——— s —

41 B
b,
=4

—_ Y P
‘4 Te <8 40 12 da

O A
B \,_/;7‘40

sida

Figure 12. - Ristribution of vorticity

T WN -

ehing rotor.

\
S

Relrealng side

=40

3

X = 32.39; u = 0.140




e e e R R T S SRR SR -

L

. : . T e - . ‘e
= ———

*SJ0304 WIPUB} 4O YSemumog - ‘€1 adnbl4

% - 4 -
| Mww 1 b 37
! -3
X
t _
0m \u
Q3LvINOWO-
— @3NSV IN
A HOLOY LNO¥A .
4 (4
@

a3.1vinovd
—Q34NSv3In

HOLOYH Hv3y

45




. .mé&?&.‘.ﬂ&mnﬂ d f« A

34B404LE 40304 papeolun oMl - “$1 dunbid

ANV IJILYIANOD I- m/x

oMADQLNY 2-VOd

46

i S Al Biann Al S

ROV SN POR S

S D

P R

e b ——— 4 n= s e o~




IIJ»I\ )%l g g O s 2 e
- ‘ B = .

47
e s |

OF POOR QUALITN

ORIGINAL PAGE IS

A el at S nd s e

.
»04kB0INe 2-¥)d 30 40304 pue BulM ud3MIBQ PEOL 4O UOLSLALQ - °GT d4nbLd wm
i
T ‘ClvY Q3248-clL _ I
o ' rA C P
.ﬂ T .F_v 1 1 I ow _ ‘
‘0 :
@ |
-04
o B . |
o %o w
a3uN3vay N O | -08 ‘ONIM |
H NO QVO7 i
8 Nqawvmow Hos .
|
-ool
f
!




e e Co e ) - T [P R wa SRy

= 3 : i e e LTI rmrrre e mme e m—— o
SR A J T - P

-sjouy Q0T 2® T-AX 30 ddouewAOIudd - 9T a4nbiyg

quUaLdL 44302 Brup (Qq) | - JuaLd144300 3317 (e)
nm . .b.
9330’0 . - 93070
L0 ko 2 19 Lo
o1° | 170
Q o K ol
440 §0L10Y 0120 ﬁw 1o
m O o © O
. INOW ¥OL0¥y o {co o e
[

. O 27 o a - 917
eilaigenive )l 0 O P 2
HO10U I._.S,,)«v \\ leo O \\ 10z

£ | SEP
SLN3NOJWOD 2 Jo0 o/ {ve

40 NNS . \\

440 / 187¢
-80 A

48




. Dl e s ERE
. T e

*sjouy 00T 3® T-AX 3O Lle} 3e ysemumog - /T 3unbi4

, 20 ‘4o
oy =IE 2 ! 0 - 2-
g | ) ™ ] T 0
oL
mm Qo7 UVINONVIYL
o)
=+ av0l LIYOINN
S& ~32
a3LvIN9IVO
. _ ~
~ 0
-~ )
317905 1103 —5 1Y
31v0S TS
a3unsvan

49

PO S

——d

Yy +————
P

—

ST SRS ST IPH G S

pijiewnenu Sapuaper (N

—

T TR e Tewue o




‘80°0 = 1 *sjuswa4nsesw uelInqLaysip aunssaud apejq
wouy paugeyqo §e sniped 4sjdenb-aauyy e Peol spelg - g1 aunbyg

9230 ‘4 ‘TIENV HLAWIZY

Oic Gl 03
| L

d3HNSV3iN

e

ZLVINOTVY -

[

i

NI/ET
‘avo
3avi8

S0

.
.-
RS SN

oy
P

e JNOUIY IR NPNUNENGI SRR Sy




0ecg =1

"9pelgq 40304 B U0 SIUWILNSEIU uoLIngLulsip-aunssaud woay paurwialap
se A31°0(3A pasnpul 9AL139342 3Y3 Y3Lm 40304 BY3 JO aue(d ay;

ur A3100(3 . pasrpuy abeuane-awiy paje(najes 40 uosidedio) - 6T aunby,

wm Sixe (edajey (q) Stxe [eutpniLbuoT (e)
G -
=9
ol 4
22 205 | 208 _ . -
gg onulivor 10 oMoy 3 S 37,
e . _
o0
] OOOO \
2% N O—rtr0
O OnaAa
O o)

of| Oz

o O L]
00©° . /1

£ ” g

NCILLNZRILSIg {2

G501 Ll gl 2
R Y N . o.u.n.ﬂl.u"vh..w&

AT L o _ )
| ‘GALVINDTO | | e

SNV NIV - SIXV TUNIGNLIOND™

51




-

PR G AT

*S3LILI0|3A PIJNpuUL pajefnsjed
JO asn uo suoLjdwnsse |eJE33403Yy3 4O 393443 - °0Z a4nbLd

N,

v
<3

/Jm\\\

52

oy

M GG ST T

TvE L s Eog T S f

]
f




ORIGINAL PAGE I§
OF POOR QUALITY

LEQEND:
—— e SEGEMENTED TRAILING VORTICES
wesce-.- SEGEMENTED SHED VORTICES

Figure 21. - Vortex wake used by Piziali and Duwaldt in reference 17.
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Figure 22. - Blade representation used in reference 18 by Daughaday and Piziali.
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